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Abstract — This paper deals with a study of the
analytic structure and properties of a family of “hy-
perboloidal” beams (HBs) which spans from the
standard Gaussian-beam conﬁguration to “ﬂat-top”
beam conﬁgurations of interest for low-thermal-
noise optical cavities for gravitational interferom-
etry. In this connection, starting from a Gauss-
Laguerre-type representation, a generalized duality
relation (involving fractional Fourier transform op-
erators of complex order) between two generic HBs
is derived.
1 INTRODUCTION
Optical beams exhibiting a nearly uniform (“ﬂat-
top”) intensity distribution at a certain transverse
plane are encountered and/or desirable in several
practical applications, including lasers with high-
gain, and Fabry-Perot optical cavities with mirrors
featuring variable reﬂectivity or graded-phase pro-
ﬁles. The reader is referred to [1]–[5] and the ref-
erences therein for an introduction to the subject
and several models and application examples.
Recently, there has been a strong interest to-
ward application of these beams to advanced inter-
ferometric gravitational-wave detectors, as a possi-
ble device for reducing the intrinsic thermal noise
of the optical-cavity mirrors, which currently sets
the limiting sensitivity. The underlying idea is
that a ﬂat-top (commonly referred to as “mesa”)
beam, as compared to the standard Gaussian beam
(GB) proﬁle currently in use, is capable of pro-
viding a better averaging over the beam proﬁle of
the thermally-induced surface ﬂuctuations [6]. In
this framework, within the advanced Laser Inter-
ferometer Gravitational-wave Observatory (LIGO)
experiment [7], Fabry-Perot optical cavities with
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Figure 1: Problem schematic (see text).
non-spherical mirrors capable of supporting mesa
beams are being actively investigated [8]. In order
to reduce the severe tilt-instability problems aﬀect-
ing the originally conceived nearly-ﬂat, “Mexican-
hat-shaped” mirror conﬁguration [9], a nearly-
concentric mirror conﬁguration was proposed. In
[9, 10], the nearly-ﬂat (FM) and nearly-concentric
mesa (CM) conﬁgurations were found to be con-
nected through a Fourier-type duality relation,
which allows a one-to-one mapping between all the
corresponding eigenmodes. In [11], a further gener-
alization was derived, in terms of a one-parameter
family of “hyperboloidal” beams (HBs) supported
by nearly-spheroidal mirrors, which allows contin-
uous spanning from the FM to the CM conﬁgura-
tions, including the standard GB case.
In this paper, we investigate the analytic prop-
erties of generic HBs, through the derivation of a
Gauss-Laguerre (GL) representation and the exten-
sion of the Fourier-type duality relations in [9, 10].
2 HYPERBOLOIDAL BEAMS
2.1 Background
We refer to the problem geometry illustrated in Fig.
1, with a perfectly symmetric Fabry-Perot optical
cavity composed of two nearly-spheroidal mirrors
separated by a distance L along the z-axis of a
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Cartesian (x, y, z) coordinate system. The trans-
verse coordinates at the waist (z = 0) and mirror
(z = L/2) planes are denoted by r0 ≡ x0xˆ+ y0yˆ =
r0 cos θ0xˆ+ r0 sin θ0yˆ and r ≡ xxˆ+ yyˆ = r cos θxˆ+
r sin θyˆ, respectively.
Following [11], a generic HB parameterized by
the “twist-angle” α is synthesized via coherent su-
perposition of GBs launched from a circular aper-
ture of radius R0 at the waist plane (z = 0), with
optical axes directed along the unit vector
uα = (r0/L) [cos θ0 − cos(θ0 − α)] xˆ
+ (r0/L) [sin θ0 − sin(θ0 − α)] yˆ + zˆ. (1)
As shown in Fig. 2a, these optical axes are the gen-
erators of hyperboloids. Varying the twist-angle α
allows continuous spanning from the FM conﬁgura-
tion (α = 0, cylindrical degenerate, cf. Fig. 2b) to
the CM conﬁguration (α = π, conical degenerate,
cf. Fig. 2c). The GB spot size at the waist is chosen
according to the minimum-spreading criterion,
w0 =
√
L
k0
, (2)
where k0 = 2π/λ0 denotes the free-space wavenum-
ber (with λ0 denoting the free-space wavelength).
This corresponds to locating the mirror planes ex-
actly at the Rayleigh distance [12], i.e., zR ≡
k0w
2
0/2 = L/2. For this HB family, the wavefronts
at the mirror location are roughly approximated by
the “ﬁducial” spheroids [11]
z = Sα(r) ≡
√(
L
2
)2
− r2 sin2
(α
2
)
, (3)
which degenerate into planar and spherical surfaces
in the FM (α = 0) and CM (α = π) case, respec-
tively. It is well-known from the theory of graded-
phase mirrors [13] that, in order for the optical cav-
ity to support the desired HB proﬁle Uα as the fun-
damental eigenmode, the mirrors need to be shaped
according to the ﬁducial spheroid in (3) with a cor-
rection
hα(r) =
arg [Uα(r, Sα)]− arg [Uα(0, Sα)]
k0
, (4)
so as to match the HB wavefront. For the FM
(α = 0) and CM (α = π) cases, this reduces to
the Mexican-hat-shaped proﬁle in [6].
In [11], the following symmetry relations were de-
rived (with Λ denoting a complex constant)
U−α(r, Sα) = Uα(r, Sα), (5a)
Uπ−α(r, Sα)
Λ
=
U∗α(r, Sα)
Λ∗
, (5b)
(a) (b) (c)
Figure 2: HB geometrical construction (see text).
(a) Generic HB (0 ≤ α ≤ π); (b) FM beam (α = 0);
(c) CM beam (α = π).
hπ−α(r) = −hα(r), (5c)
which generalize in part the FM-CM duality rela-
tions in [9, 10].
2.2 Analytic Structure and Properties
In [14], generalizing certain results in [3], we derived
a GL beam expansion for a generic HB
Uα(r, z) =
∞∑
m=0
A(α)m Ψm (r, z) , (6)
where Ψm (r, z) denote the standard GL beam
propagators [12]
Ψm(r, z) =
w0
w(z)
ψm
[√
2r
w(z)
]
exp
[
i
k0r
2
2R(z)
]
× exp {i [k0z − (2m+ 1)Φ(z)]} , (7)
and the expansion coeﬃcients A(α)m are given by
A(α)m = (− cosα)m
√
2w20
R20
P
(
m+ 1,
R20
2w20
)
. (8)
In (7) and (8),
ψm(ξ) =
√
2 exp
(
−ξ
2
2
)
Lm(ξ2) (9)
are orthonormal GL basis functions, with Ln(ζ)
denoting an nth-order Laguerre polynomial [15,
Chap. 22],
w(z)=w0
√
1+
(
z
zR
)2
, R(z)=z +
z2R
z
,
Φ(z)=arctan
(
z
zR
)
(10)
denote the standard GB spot size, wavefront radius
of curvature, and Gouy phase, respectively [12], and
P (n, ξ) denotes an incomplete Gamma function [15,
Eq. (6.5.13)].
Figure 2 illustrates some representative results
for the HB intensity distribution on the ﬁducial
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Figure 3: HB ﬁeld distribution evaluated on the
ﬁducial surface z = Sα(r), for diﬀerent values of the
twist-angle parameter α. Parameters: L = 4km,
λ0 = 1064nm, w0 =
√
Lλ0/(2π) = 2.603cm,
and R0 = 4w0 = 10.4cm. Continuous curve:
α = 0; dashed: α = 0.1π, 0.9π; dotted: α =
0.2π, 0.8π; dotted-dashed: α = 0.5π.
surface, for a parametric conﬁguration of poten-
tial interest for Advanced-LIGO (as in [6, 11]) and
various values of the twist-angle α, illustrating the
gradual transition from the Gaussian (α = π/2) to
the mesa (α = 0, π) proﬁle. In all examples, the
GL series in (6) was truncated according to the cri-
terion |A(α)M | < 10−3|A(α)0 |, with M denoting the
index of the last retained term. It was veriﬁed, by
numerical comparison with the integral representa-
tion in [11], that this ensures a relative error in the
intensity 0.1% and an absolute error in the mirror
correction (cf. (4))  10−4λ0, over the signiﬁcantly
illuminated portion of the mirror.
The analytic GL expansion in (6) sets the stage
for a generalization, to arbitrary twist-angles, of
the duality relations in [9, 10]. In this framework,
we consider a class of σ-parameterized1 generalized
Hankel transform (HT) operators deﬁned as
H(σ)w0 [F (r)] ≡
4
w20 (1 + σ)
∫ ∞
0
r0dr0F (r0)
× exp
[
− (r
2+r20)(1−σ)
w20(1 + σ)
]
× J0
[
4rr0
√
σ
w20 (1 + σ)
]
, σ ≥ −1. (11)
The generalized HT operator in (11) can be shown
(see [16, p. 43] and [14] for more details) to admit
as eigenfunctions the GL basis functions in (9),
H(σ)w0
[
ψm
(√
2r
w0
)]
= (−σ)mψm
(√
2r
w0
)
. (12)
1For σ < −1, the integral in (11) diverges for the
beams of interest here (decaying as O[exp(−r2/w20)] in the
waist plane), and the following deﬁnition should be used:
H(σ)w0 [F (r)] = H(−σ)w0 H(1)w0 [F (r)] .
Application of the generalized HT (11) to the GL
expansion in (6) reveals, via (12), the functional re-
lation between the ﬁeld distributions of two generic
α1,2-parameterized HBs at the waist plane (z = 0)
and at the ﬁducial spheroid (z = Sα1,2), viz.,
Uα2(r, 0)
H(σ)w0←→ Uα1(r, 0), (13a)
Uα2(r, Sα2)
exp
(
i
k0r
2cosα2
2L
)H(σ)√2w0←→ Uα1(r, Sα1)
exp
(
i
k0r
2cosα1
2L
) , (13b)
σ = −cosα2
cosα1
.
The generalized HT in (13) extends the symmetry
relations in (5) to the most general case, and ad-
mits a suggestive analytic interpretation in terms
of a fractional Fourier operator of complex order
[17]–[19]. These operators admit a physical inter-
pretation in terms of propagation through a parax-
ial optical system described by a complex ABCD
matrix, which, for the HT in (11), is found to be
[
A B
C D
]
=
⎡⎢⎢⎣ i
(1− σ)
2
√
σ
k0w
2
0(1 + σ)
4
√
σ
− (1 + σ)
k0w20
√
σ
i
(1− σ)
2
√
σ
⎤⎥⎥⎦ (14a)
=
⎡⎢⎣ cos
(πγ
2
) L
2
sin
(πγ
2
)
− 2
L
sin
(πγ
2
)
cos
(πγ
2
)
⎤⎥⎦ . (14b)
In (14b), the parameter γ denotes the complex or-
der of the transform, deﬁned as [19]
γ ≡ −i 2
π
log
[
A
√
D
A
+ iB
√
−C
B
]
= 1 + i
log(σ)
π
. (15)
Alternative optical interpretations in terms of prop-
agation through complex Gaussian ducts, as well as
through optical systems composed of self-imaging
components and Gaussian apertures, can be found
in [12], [17]–[19]. Figure 4 illustrates schematically
the range of admissible values for the complex or-
der γ in (15), over the meaningful (α1, α2)-range:
The real part can either be 1 or 0, while the imagi-
nary part is generally nonzero, except along the two
diagonals α1 = α2 and α1 = π −α2 where the gen-
eralized HT operator in (11) reduces to the identity
and ordinary HT operator, respectively.
3 CONCLUSIONS
In this paper, we have presented a study of the
analytic structure and properties of a family of
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Figure 4: Admissible values of the complex order γ
(15) of the generalized HT operator in (11) relat-
ing the ﬁeld distributions of two BT hyperboloidal
beams with generic twist-angles, α1 and α2 (see
text).
HBs of interest for thermal-noise reduction in ad-
vanced gravitational wave interferometric detec-
tors. Speciﬁcally, we have introduced an analytic
GL-type representation for generic HBs, and have
derived a complex-Fourier-transform-based gener-
alization of the duality relations in [9, 10] for the
dominant eigenmode.
Current and future investigations are aimed at
extending the above results, to higher-order (ax-
isymmetric and multipolar) modes, and address-
ing the optimization of the optical cavities of grav-
itational wave interferometric detectors in terms
the best tradeoﬀ between thermal-noise and tilt-
instability reduction.
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